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NUMBERS ON DIAMETER IN n-GENERALIZED
METRIC SPACES
Tomonari Suzuki
Abstract
We study some numbers on diameter in n-generalized metric spaces.
1. Introduction
Throughout this paper, we deﬁne the meaning of ‘‘fxngmn¼10’’ by that fxngmn¼1 is
a ﬁnite sequence and x1; x2; . . . ; xm are all di¤erent. We denote by N the set of all
positive integers.
In 2000, Branciari introduced the following very interesting concept.
Definition 1 (Branciari [2]). Let X be a set, let d be a function from X  X into
½0;yÞ and let n A N. Then ðX ; dÞ is said to be a n-generalized metric space if the
following hold:
(N1) dðx; yÞ ¼ 0 i¤ x ¼ y for any x; y A X .
(N2) dðx; yÞ ¼ dðy; xÞ for any x; y A X .
(N3) dðx; yÞaDðx; u1; u2; . . . ; un; yÞ for any x; u1; u2; . . . ; un; y A X such that
x; u1; u2; . . . ; un; y are all di¤erent, where Dðx; u1; u2; . . . ; un; yÞ ¼ dðx; u1Þ þ
dðu1; u2Þ þ    þ dðun; yÞ.
It is obvious that ðX ; dÞ is a metric space if and only if ðX ; dÞ is a 1-generalized
metric space. We found that not every generalized metric space has the compatible
topology. See Example 7 in [3] and Example 4.2 in [6]. In [1] and [7], we discussed
the completeness and compactness of n-generalized metric spaces, respectively. See
also [5].
In [4], we obtain the following lemmas:
Lemma 2 ([4]). Let n be an odd positive integer and let m A N with mb nþ 3. Then
there exists a positive integer M satisfying the following:
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 If ðX ; dÞ is a n-generalized metric space, e is a positive real number and fxjgmj¼10
is a ﬁnite sequence in X such that dðxj ; xjþ1Þa e for any j ¼ 1; 2; . . . ; m 1,
then
dðxi; xjÞaMe
holds for any i; j A f1; 2; . . . ; mg.
Lemma 3 ([4]). Let n be an even positive integer and let m A N with mb nþ 3.
Then there exists a positive integer M satisfying the following:
 If ðX ; dÞ is a n-generalized metric space, e is a positive real number and fxjgmj¼10 is
a ﬁnite sequence in X such that dðxj ; xjþ1Þa e for any j ¼ 1; 2; . . . ; m 1, then
dðxi; xjÞaMe
holds for any i; j A f1; 2; . . . ; mg such that i  j is odd.
We denote by Mðn; mÞ the minimum integer M in Lemmas 2 and 3. In this paper,
we study Mðn; mÞ.
2. Results
We begin with the following proposition, whose proof is obvious.
Proposition 4. Let ðX ; dÞ and ðX ; eÞ be n-generalized metric spaces, let S be a
bijection on X and let c be a positive real number. Deﬁne function fj from X  X into
½0;yÞ as follows:
f1ðx; yÞ ¼ dðSx;SyÞð1Þ
f2ðx; yÞ ¼ cdðx; yÞð2Þ
f3ðx; yÞ ¼ dðx; yÞ þ eðx; yÞð3Þ
f4ðx; yÞ ¼ maxfdðx; yÞ; eðx; yÞgð4Þ
for any x; y A X. Then ðX ; fjÞ are n-generalized metric spaces.
We ﬁrst consider the case where n is odd.
Lemma 5. Let n A N be odd and let m A N satisfy mb 2nþ 1. Put X ¼ f0; 1; . . . ;
m 1g and let d be a function from X  X into ½0;yÞ such that ðX ; dÞ is a n-generalized
metric space and dði; i þ 1Þa 1 holds for any i A f0; 1; . . . ; m 2g. Then for any j A
NU f0g, k A N and l A f1; 2; . . . ; ðn 1Þ=2g ¼: L, the following hold:
dð j; j þ knþ 1Þa knþ 1ð5Þ
dð j; j þ 2lþ 1Þa 2nþ 1ð6Þ
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dð j; j þ knþ 2lþ 1Þa ðk þ 2Þnþ 1ð7Þ
dð j; j þ 2lÞa 3nþ 1ð8Þ
and
dð j; j þ knþ 2lÞa ðk þ 1Þnþ 1ð9Þ
provided the left hand side can be calculated.
Proof. Deﬁne a function d 0 from X  X into ½0;yÞ by
d 0ði; jÞ ¼ maxfdði; jÞ; dðm 1 i; m 1 jÞg:
Then by Proposition 4 (1) and (4), ðX ; d 0Þ is a n-generalized metric space. Since da d 0,
d 0ði; i þ 1Þa 1 and there appears no d in the right hand sides of (5)–(9), we write d
instead of d 0 for our convenience. Then we have
dði; jÞ ¼ dð j; iÞ ¼ dðm 1 i; m 1 jÞ ¼ dðm 1 j; m 1 iÞ:ð10Þ
In order to show (5), we note that (5) holds for k ¼ 0. Fix j, k with j þ knþ 1 < m and
assume that (5) holds for k :¼ k  1. Then we have
dð j; j þ knþ 1ÞaDð j; j þ ðk  1Þnþ 1; . . . ; j þ knþ 1Þ
a ððk  1Þnþ 1Þ þ n ¼ knþ 1:
By induction, we have shown (5). In the case of n ¼ 1, we have L ¼q. Thus (6)–(9)
holds. So we assume nb 3 from now on. In order to show (6), from (10), we may
assume
ð j  1Þ  0þ 1a ðm 1Þ  ð j þ 2lþ 2Þ þ 1:
and hence 2ð j þ lÞa m 2. So we have
j þ lþ nþ 1a m=2 1þ nþ 1 ¼ m=2þ na m=2þ ðm 1Þ=2 < m:
Using this and (5), we have
dð j; j þ 2lþ 1ÞaDð j; . . . ; j þ l; j þ lþ nþ 1; . . . ; j þ 2lþ 1Þ
a nþ ðnþ 1Þ ¼ 2nþ 1:
Let us prove (7). We note that (7) becomes (6) in the case of k ¼ 0. Fix j, k, l with
j þ knþ 2lþ 1 < m and assume that (7) holds for k :¼ k  1. Then we have
dð j; j þ knþ 2lþ 1ÞaDð j; j þ ðk  1Þnþ 2lþ 1; . . . ; j þ knþ 2lþ 1Þ
a ððk þ 2 1Þnþ 1Þ þ n ¼ ðk þ 2Þnþ 1:
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By induction, we have shown (7). In order to show (8), from (10), we may assume
ð j  1Þ  0þ 1a ðm 1Þ  ð j þ 2lþ 1Þ þ 1:
and hence 2ð j þ lÞa m 1. So we have
j þ lþ na ðm 1Þ=2þ na m 1 < m:
From (6), we have
dð j; j þ nÞa 2nþ 1:
Using this, we have
dð j; j þ 2lÞaDð j; . . . ; j þ l; j þ lþ n; . . . ; j þ 2lÞ
a nþ ð2nþ 1Þ ¼ 3nþ 1:
In order to show (9), from (10), we may assume
ð j  1Þ  0þ 1a ðm 1Þ  ð j þ nþ 2lþ 1Þ þ 1:
and hence 2ð j þ lÞa m n 1. So we have
j þ ðn 1Þ=2þ lþ nþ 1a ðm n 1Þ=2þ ðn 1Þ=2þ nþ 1 ¼ m=2þ n < m:
Using this and (5), we have
dð j; j þ nþ 2lÞ
aDð j; . . . ; j þ ðn 1Þ=2þ l; j þ ðn 1Þ=2þ lþ nþ 1; . . . ; j þ nþ 2lÞ
a nþ ðnþ 1Þ ¼ 2nþ 1:
Thus, (9) holds for k ¼ 1. Fix j, k, l with j þ knþ 2l < m and assume that (9) holds
for k :¼ k  1. Then we have
dð j; j þ knþ 2lÞaDð j; j þ ðk  1Þnþ 2l; . . . ; j þ knþ 2lÞ
a ððk þ 1 1Þnþ 1Þ þ n ¼ ðk þ 1Þnþ 1:
By induction, we have shown (9). r
Theorem 6. Let n A N be odd and let m A N satisfy mb 2nþ 1. Let k A NU f0g
satisfy
ðk  1Þnþ 4a ma knþ 3:
Then
Mðn; mÞa ðk þ 1Þnþ 1:
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Proof. Let ðX ; dÞ be a n-generalized metric space and let e be a positive real
number and fxjgmj¼10 be a ﬁnite sequence in X such that dðxj; xjþ1Þa e for any j ¼
1; 2; . . . ; m 1. Noting Proposition 4 (2), we may assume e ¼ 1. From now on, we
write j instead of xj. In the case where n ¼ 1, we have
Mðn; mÞ ¼ m 1 ¼ k þ 2 ¼ ðk þ 1Þnþ 1:
So the conclusion holds. In the other case, where nb 3, since 2nþ 1a ma knþ 3, we
have 2 2=na k and hence 2a k. We put
M ¼ ðk þ 1Þnþ 1:
For k 0 A N with k 0 < k and l A f1; 2; . . . ; ðn 1Þ=2g, we have by Lemma 5
dð j; j þ k 0nþ 1Þa k 0nþ 1 < M
dð j; j þ 2lþ 1Þa 2nþ 1 < M
dð j; j þ k 0nþ 2lþ 1Þa ðk 0 þ 2Þnþ 1aM
dð j; j þ 2lÞa 3nþ 1aM
dð j; j þ k 0nþ 2lÞa ðk 0 þ 1Þnþ 1 < M
dð j; j þ knþ 1Þa knþ 1 < M
dð j; j þ knþ 2Þa ðk þ 1Þnþ 1 ¼ M
provided the left hand side can be calculated. Thus we obtain dði; jÞaM for any
i, j. So the conclusion holds. r
We next consider the other case, where n is even.
Lemma 7. Let n A N be even and let m A N satisfy mb 2nþ 1. Put X ¼ f0; 1; . . . ;
m 1g and let d be a function from X  X into ½0;yÞ such that ðX ; dÞ is a n-generalized
metric space and dði; i þ 1Þa 1 holds for any i A f0; 1; . . . ; m 2g. Then for any j A
NU f0g, k A N and l A f1; 2; . . . ; n=2 1g ¼: L, the following hold:
dð j; j þ knþ 1Þa knþ 1ð11Þ
dð j; j þ 2lþ 1Þa 2nþ 1ð12Þ
and
dð j; j þ knþ 2lþ 1Þa ðk þ 1Þnþ 1ð13Þ
provided the left hand side can be calculated.
Remark. We cannot prove neither (8) nor (9).
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Proof. As in the proof of Lemma 5, we may assume (10) and we can prove (11)
and (12). In order to show (13), from (10), we may assume
ð j  1Þ  0þ 1a ðm 1Þ  ð j þ nþ 2lþ 2Þ þ 1:
and hence 2ð j þ lÞa m n 2. So we have
j þ n=2þ lþ nþ 1a ðm n 2Þ=2þ n=2þ nþ 1 ¼ m=2þ n < m:
Using this and (11), we have
dð j; j þ nþ 2lþ 1Þ
aDð j; . . . ; j þ n=2þ l; j þ n=2þ lþ nþ 1; . . . ; j þ nþ 2lþ 1Þ
a nþ ðnþ 1Þ ¼ 2nþ 1:
Hence (13) holds for k ¼ 1. Fix j, k, l with j þ knþ 2lþ 1 < m and assume that (13)
holds for k :¼ k  1. Then we have
dð j; j þ knþ 2lþ 1ÞaDð j; j þ ðk  1Þnþ 2lþ 1; . . . ; j þ knþ 2lþ 1Þ
a ððk þ 1 1Þnþ 1Þ þ n ¼ ðk þ 1Þnþ 1:
By induction, we have shown (13). r
Theorem 8. Let n A N be even and let m A N satisfy mb 2nþ 1. Let k A N satisfy
ðk  1Þnþ 4a ma knþ 3:
Then
Mðn; mÞa knþ 1:
Proof. Let X , d and f jgmj¼1 be as in the proof of Theorem 6. We put
M ¼ knþ 1:
In the case where n ¼ 2, we note f1; 2; . . . ; n=2 1g ¼: L is empty. For k 0 A N with
k 0 < k, we have by Lemma 7
dð j; j þ k 0nþ 1Þa k 0nþ 1 < M
dð j; j þ knþ 1Þa knþ 1 ¼ M
provided the left hand side can be calculated. Thus the conclusion holds. In the other
case, where nb 4, we note 2a k. For k 0 A N with k 0 < k and l A L, we have by
Lemma 7
dð j; j þ k 0nþ 1Þa k 0nþ 1 < M
dð j; j þ 2lþ 1Þa 2nþ 1aM
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dð j; j þ k 0nþ 2lþ 1Þa ðk 0 þ 1Þnþ 1aM
dð j; j þ knþ 1Þa knþ 1 ¼ M
provided the left hand side can be calculated. Thus the conclusion holds. r
3. Conjectures
By computer, we can conjecture the following:
Conjecture 9. Let n A N be odd and let m A N satisfy mb 2nþ 1. Put X ¼
f0; 1; . . . ; m 1g and deﬁne a function d from X  X into ½0;yÞ by
dð j; jÞ ¼ 0
dð j; j þ 1Þ ¼ 1
dð j; j þ knþ 1Þ ¼ knþ 1
dð j; j þ 2lþ 1Þ ¼ 2nþ 1
dð j; j þ knþ 2lþ 1Þ ¼ ðk þ 2Þnþ 1
dð j; j þ 2lÞ ¼ 3nþ 1
dð j; j þ knþ 2lÞ ¼ ðk þ 1Þnþ 1
for any j A NU f0g, k A N and l A f1; 2; . . . ; ðn 1Þ=2g, where the left hand side can be
deﬁned. Then ðX ; dÞ is a n-generalized metric space.
Conjecture 10. Let n A N be odd and let m A N satisfy mb 2nþ 1. Let k A
NU f0g satisfy ðk  1Þnþ 4a ma knþ 3. Then Mðn; mÞ ¼ ðk þ 1Þnþ 1.
Conjecture 11. Let n A N be even and let m A N satisfy mb 2nþ 1. Put X ¼
f0; 1; . . . ; m 1g and deﬁne a function d from X  X into ½0;yÞ by
dð j; jÞ ¼ 0
dð j; j þ 1Þ ¼ 1
dð j; j þ knþ 1Þ ¼ knþ 1
dð j; j þ 2lþ 1Þ ¼ 2nþ 1
dð j; j þ knþ 2lþ 1Þ ¼ ðk þ 1Þnþ 1
dð j; j þ 2lÞ ¼ a
dð j; j þ knþ 2lÞ ¼ a
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dð j; j þ nÞ ¼ a
dð j; j þ knÞ ¼ a
for any j A NU f0g, k A N and l A f1; 2; . . . ; n=2 1g, where the left hand side can
be deﬁned and a is a positive number which is large enough. Then ðX ; dÞ is a
n-generalized metric space.
Conjecture 12. Let n A N be even and let m A N satisfy mb 2nþ 1. Let k A N
satisfy ðk  1Þnþ 4a ma knþ 3. Then Mðn; mÞ ¼ knþ 1.
By computer, we can conjecture the value of Mðn; mÞ with nþ 3a ma 2n.
Conjecture 13.
Mð3; 6Þ ¼ 13
Mð5; 8Þ ¼ 31 Mð5; 9Þ ¼ 26 Mð5; 10Þ ¼ 21
Mð7; 10Þ ¼ 57 Mð7; 11Þ ¼ 36    Mð7; 13Þ ¼ 36
Mð7; 14Þ ¼ 29
Mð9; 12Þ ¼ 91 Mð9; 13Þ ¼ 64 Mð9; 14Þ ¼ 46   
Mð9; 17Þ ¼ 46 Mð9; 18Þ ¼ 37
Mð11; 14Þ ¼ 133 Mð11; 15Þ ¼ 100 Mð11; 16Þ ¼ 78 Mð11; 17Þ ¼ 56
   Mð11; 21Þ ¼ 56 Mð11; 22Þ ¼ 45
Mð13; 16Þ ¼ 183 Mð13; 17Þ ¼ 118 Mð13; 18Þ ¼ 92 Mð13; 19Þ ¼ 92
Mð13; 20Þ ¼ 66    Mð13; 25Þ ¼ 66 Mð13; 26Þ ¼ 53
Conjecture 14.
Mð4; 7Þ ¼ 13 Mð4; 8Þ ¼ 13
Mð6; 9Þ ¼ 25 Mð6; 10Þ ¼ 25 Mð6; 11Þ ¼ 19 Mð6; 12Þ ¼ 19
Mð8; 11Þ ¼ 49 Mð8; 12Þ ¼ 33    Mð8; 14Þ ¼ 33
Mð8; 15Þ ¼ 25 Mð8; 16Þ ¼ 25
Mð10; 13Þ ¼ 81 Mð10; 14Þ ¼ 51 Mð10; 15Þ ¼ 41   
Mð10; 17Þ ¼ 41 Mð10; 18Þ ¼ 31    Mð10; 20Þ ¼ 31
Mð12; 15Þ ¼ 121 Mð12; 16Þ ¼ 85 Mð12; 17Þ ¼ 49   
Mð12; 20Þ ¼ 49 Mð12; 21Þ ¼ 37    Mð12; 24Þ ¼ 37
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Mð14; 17Þ ¼ 169 Mð14; 18Þ ¼ 113 Mð14; 19Þ ¼ 85 Mð14; 20Þ ¼ 57
   Mð14; 24Þ ¼ 57 Mð14; 25Þ ¼ 43   
Mð14; 28Þ ¼ 43
4. Examples
We ﬁnally give examples of n-generalized metric spaces which are strongly
connected with this study. These examples are made by computer and a is a positive
number which is large enough.
 [n ¼ 3, m ¼ 5]
xny 0 1 2 3 4
0 0 1 a a 4
1 1 0 1 a a
2 a 1 0 1 a
3 a a 1 0 1
4 4 a a 1 0
 [n ¼ 3, m ¼ 6]
xny 0 1 2 3 4 5
0 0 1 10 7 4 13
1 1 0 1 10 13 4
2 10 1 0 1 10 7
3 7 10 1 0 1 10
4 4 13 10 1 0 1
5 13 4 7 10 1 0
 [n ¼ 3, m ¼ 10]
xny 0 1 2 3 4 5 6 7 8 9
0 0 1 10 7 4 7 10 7 10 13
1 1 0 1 10 7 4 7 10 7 10
2 10 1 0 1 10 7 4 7 10 7
3 7 10 1 0 1 10 7 4 7 10
4 4 7 10 1 0 1 10 7 4 7
5 7 4 7 10 1 0 1 10 7 4
6 10 7 4 7 10 1 0 1 10 7
7 7 10 7 4 7 10 1 0 1 10
8 10 7 10 7 4 7 10 1 0 1
9 13 10 7 10 7 4 7 10 1 0
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 [n ¼ 5, m ¼ 8]
xny 0 1 2 3 4 5 6 7
0 0 1 26 11 16 21 6 31
1 1 0 1 26 21 16 31 6
2 26 1 0 1 26 21 16 21
3 11 26 1 0 1 26 21 16
4 16 21 26 1 0 1 26 11
5 21 16 21 26 1 0 1 26
6 6 31 16 21 26 1 0 1
7 31 6 21 16 11 26 1 0
 [n ¼ 5, m ¼ 9]
xny 0 1 2 3 4 5 6 7 8
0 0 1 26 11 16 11 6 21 16
1 1 0 1 16 11 16 21 6 21
2 26 1 0 1 16 21 16 21 6
3 11 16 1 0 1 26 21 16 11
4 16 11 16 1 0 1 16 11 16
5 11 16 21 26 1 0 1 16 11
6 6 21 16 21 16 1 0 1 26
7 21 6 21 16 11 16 1 0 1
8 16 21 6 11 16 11 26 1 0
 [n ¼ 5, m ¼ 10]
xny 0 1 2 3 4 5 6 7 8 9
0 0 1 16 11 16 11 6 11 16 21
1 1 0 1 16 11 16 11 6 21 16
2 16 1 0 1 16 11 16 21 6 11
3 11 16 1 0 1 16 21 16 11 6
4 16 11 16 1 0 1 16 11 16 11
5 11 16 11 16 1 0 1 16 11 16
6 6 11 16 21 16 1 0 1 16 11
7 11 6 21 16 11 16 1 0 1 16
8 16 21 6 11 16 11 16 1 0 1
9 21 16 11 6 11 16 11 16 1 0
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 [n ¼ 7, m ¼ 10]
xny 0 1 2 3 4 5 6 7 8 9
0 0 1 50 15 36 29 22 43 8 57
1 1 0 1 50 29 36 43 22 57 8
2 50 1 0 1 50 29 36 43 22 43
3 15 50 1 0 1 50 43 36 43 22
4 36 29 50 1 0 1 50 29 36 29
5 29 36 29 50 1 0 1 50 29 36
6 22 43 36 43 50 1 0 1 50 15
7 43 22 43 36 29 50 1 0 1 50
8 8 57 22 43 36 29 50 1 0 1
9 57 8 43 22 29 36 15 50 1 0
 [n ¼ 2, m ¼ 10]
xny 0 1 2 3 4 5 6 7 8 9
0 0 1 a 3 a 5 a 7 a 9
1 1 0 1 a 3 a 5 a 7 a
2 a 1 0 1 a 3 a 5 a 7
3 3 a 1 0 1 a 3 a 5 a
4 a 3 a 1 0 1 a 3 a 5
5 5 a 3 a 1 0 1 a 3 a
6 a 5 a 3 a 1 0 1 a 3
7 7 a 5 a 3 a 1 0 1 a
8 a 7 a 5 a 3 a 1 0 1
9 9 a 7 a 5 a 3 a 1 0
 [n ¼ 4, m ¼ 7]
xny 0 1 2 3 4 5 6
0 0 1 a 9 a 5 a
1 1 0 1 a 13 a 5
2 a 1 0 1 a 13 a
3 9 a 1 0 1 a 9
4 a 13 a 1 0 1 a
5 5 a 13 a 1 0 1
6 a 5 a 9 a 1 0
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 [n ¼ 4, m ¼ 8]
xny 0 1 2 3 4 5 6 7
0 0 1 a 9 a 5 a 13
1 1 0 1 a 9 a 5 a
2 a 1 0 1 a 13 a 5
3 9 a 1 0 1 a 9 a
4 a 9 a 1 0 1 a 9
5 5 a 13 a 1 0 1 a
6 a 5 a 9 a 1 0 1
7 13 a 5 a 9 a 1 0
 [n ¼ 4, m ¼ 10]
xny 0 1 2 3 4 5 6 7 8 9
0 0 1 a 9 a 5 a 9 a 9
1 1 0 1 a 9 a 5 a 9 a
2 a 1 0 1 a 9 a 5 a 9
3 9 a 1 0 1 a 9 a 5 a
4 a 9 a 1 0 1 a 9 a 5
5 5 a 9 a 1 0 1 a 9 a
6 a 5 a 9 a 1 0 1 a 9
7 9 a 5 a 9 a 1 0 1 a
8 a 9 a 5 a 9 a 1 0 1
9 9 a 9 a 5 a 9 a 1 0
 [n ¼ 6, m ¼ 9]
xny 0 1 2 3 4 5 6 7 8
0 0 1 a 13 a 19 a 7 a
1 1 0 1 a 25 a 19 a 7
2 a 1 0 1 a 25 a 19 a
3 13 a 1 0 1 a 25 a 19
4 a 25 a 1 0 1 a 25 a
5 19 a 25 a 1 0 1 a 13
6 a 19 a 25 a 1 0 1 a
7 7 a 19 a 25 a 1 0 1
8 a 7 a 19 a 13 a 1 0
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 [n ¼ 6, m ¼ 10]
xny 0 1 2 3 4 5 6 7 8 9
0 0 1 a 13 a 13 a 7 a 19
1 1 0 1 a 13 a 19 a 7 a
2 a 1 0 1 a 19 a 19 a 7
3 13 a 1 0 1 a 25 a 19 a
4 a 13 a 1 0 1 a 19 a 13
5 13 a 19 a 1 0 1 a 13 a
6 a 19 a 25 a 1 0 1 a 13
7 7 a 19 a 19 a 1 0 1 a
8 a 7 a 19 a 13 a 1 0 1
9 19 a 7 a 13 a 13 a 1 0
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